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INTRODUCTION
Laminated composite materials are widely used in engineering industries such as aerospace, marine and automobile. This is due to their high specific strength and stiffness. Layered dissimilar anisotropic materials also have a variety of applications in electronic devices such as micro-electro-mechanical systems (MEMS), semiconductors and optical electronics. However, debonding or cracking is the most common type of failure in layered materials during manufacturing or in-service applications. Williams 1 was the first scientist to discover that the stress field along an interface crack between two dissimilar elastic materials is not only singular, but also has an oscillatory behavior of type
where r is the radial distance from the crack tip and  is a bimaterial constant. His analytical approach was followed by Rice 15 .
A bimaterial interface crack induces both opening and shearing behaviours even for a single mode loading. The strain energy release rate (SERR) per unit of the crack extension and stress intensity factors (SIFs) are of fundamental importance in the prediction of brittle failure using LEIFM. These depend on the crack geometry, associated loading and material properties. K 1 and K 2 are the mode I and mode II SIFs, respectively. They characterize stress fields in the vicinity of the crack tip with respect to a local Cartesian system (a 1 , a 2 ) that has its origin at the tip of the crack. a 1 , a 2 are the axes in the tangent and transverse directions of the crack, respectively.
At present, the most commonly used method in industry for fracture analysis is the J 1 -integral which is only applicable to straight cracks. Although it is less sensitive than the displacement method to the mesh size of the crack tip, it would still require stress analysis at internal points and fine contours around the crack front. Additionally, for mixed mode problems, auxiliary equations are required to decouple SIFs. An alternative is to evaluate the J 2 -integral for separating SIFs.
The J 2 -integral not only involves the computation of stresses and strains at a series of internal points around the crack but also the evaluation of highly singular integrals over the crack surfaces. For elastic problems with a straight crack, SERR is the same as J 1 -integral which is the Rice's path independent integral [16] [17] . This method was first developed by Rice to characterize fractures for two-dimensional (2D) isotropic and homogeneous structures with linear and non-linear elastic material behavior.
A study by the author 18 presents the novel application of the boundary element crack shape sensitivities (BECSS) for the evaluation of the J 1 -integral in homogeneous and anisotropic materials where the crack of an arbitrary shape, straight or curve, was treated as the shape design variable. In another study 19 , using the BECSS coupled with an optimization algorithm and an automatic mesh generator, the crack kink angle and crack propagation path in anisotropic and homogeneous elastic solids were predicted. The maximum SERR criterion, best suited for anisotropic structures, was employed. In contrast to the J 1 -integral method, the computation of stresses and strains at a series of internal points during the automatic incremental procedure was not required. By direct differentiation of the structural response 20-23 the SERR at the existing crack tip and new cracks for the period of crack growth were determined. However, for decoupling of SIFs [18] [19] , it was necessary to develop an auxiliary relationship in terms of displacement ratios near the crack tip to be used with the computed J 1 to separate SIFs. In Ref.
[24] this deficiency was overcome by direct evaluation of the J 2 -integral using BECSS for isotropic and homogeneous materials. It was mathematically proved that the derivative of the total potential energy with respect to the transverse direction of the crack is not the J 2 -integral. However, by addition of an integral, involving the strain energy discontinuity, to this derivative, the J 2 -integral can be efficiently evaluated. This algorithm was then expanded and applied to the fracture analysis of interfacial cracks of dissimilar isotropic materials 25 . For bimaterials, it was proved that J 2 is equal to the summation of the derivative of the total potential energy with respect to the transverse direction of the crack and two integrals involving crack tip elements. These integrals were related to the jump of displacement derivatives or strains across the interface and also the strain energy density (SED) discontinuity on the crack surfaces and interface region. The results show that the method is simple, accurate, flexible and applicable to both straight and curved cracks. Due to its generic nature, this algorithm 25 can be expanded and applied to the fracture analysis of debonded anisotropic materials. However, an analytical expression relating J 2 and SIFs is required to separate and calculate the corresponding SIFs which at present is non-existent.
In LEIFM, the majority of numerical and experimental methods rely mainly on the employed asymptotic field characterizing the stress and strain in the vicinity of the crack tip, and/or the analytical equations relating J k -integrals and SIFs. For a linear elastic, isotropic and homogeneous material in mixed mode fracture, the 
jk S are the elastic compliances of the material. Lehknitskii 38 has shown that for an anisotropic material, these roots are distinct and must be purely imaginary or complex. However, for a specially orthotropic material, these roots are purely 
Here the complex function G(z) is designated as
For an orthotropic material, 
where  is a Hermitian matrix and can be written in terms of two real matrices H and Q as 
where where j,k=1,2 . W is the SED, n k are the components of the unit outward normal to the contour path, t j and u j are the traction and displacement components along the path. For a straight crack, J 1 -integral is the SERR along the crack.
For a linear elastic, isotropic and homogeneous material in mixed mode fracture, the SIFs and J k -integrals are related by the following relations
Malyshev and Salganik 27 were the first scientists to find an analytical expression relating J 1 and SIFs for interfacial cracks between two dissimilar homogeneous and isotropic materials as
is the modulus of elasticity of each material.
Using the complex variable method, Gosz et al 28 and Khandelwal and Chadra Kishen 29 showed that J 2 -integral can also be expressed in terms of the SIFs for interfacial cracks between two dissimilar homogeneous and isotropic materials 
where the coefficients a jk and b jk are defined in appendix A. Fig. 1b shows a straight crack lying along the interface between two linear elastic, homogeneous and orthotropic solids, of materials (1) and (2), respectively. The Cartesian coordinate system (x 1 , x 2 ) has its origin (o) at the tip of the crack and the interface is assumed to be bonded perfectly. The crack and the interface both lie along the x 1 -axis. The principal axes of both materials are assumed to be coincident with x 1 and x 2 .
INTERFACIAL CRACK BETWEEN ORTHOTROPIC SOLIDS AND INTERFACE SIFS
The complex analytical functions generating the singular fields near the tip of an interface crack between two dissimilar orthotropic materials can be expressed as 8,9,12,14,32
 is equal to +1 and -1 for materials 1 and 2, respectively. I is a unit matrix and  is an oscillatory bimaterial index defined as 
Substituting equations 12 and 24 into equation 22 and designating the complex
12
where the complex matrix
EVALUATION OF J K -INTEGRALS FOR DEBONDED ORTHOTROPIC SOLIDS USING THE COMPLEX FUNCTUION METHOD
As mentioned earlier, an analytical expression for J 1 (Eq. 21) in debonded orthotropic bimaterials is already available. However, for the sake of clarity here, J 1 is also derived using the complex function method. 
Based on equations 3, 4, 8, 9 and 22, the stress and displacement derivative vectors for each material are
Substituting equations 32-34 into equation 30 gives
As shown in 
Substituting equation 28 into equation 37 we have,
Inserting the elements of matrices L and  into equation 38, J 1 becomes 
By combining equations 8 and 27 we have,
In order to evaluate the stress and displacement derivative vectors of each material using equations 42-43,
in the above relation must be written in terms of z 1 and z 2 , respectively, as ( 2 12 ) ( 2 ) ( 1 2 ) ( 2 21 ) ( 1 ) ( 2 1 ) ( 1 12 ) ( 1 ) ( 2 2 ) ( 1 21 ) ( 2 ) (
Next for the ease of integration, using equations 41 and the complex functions ( 2 12 ) ( 2 ) ( 1 2 ) ( 2 21 ) ( 
By defining two new matrices ) (n q and
Equation 46 can be written in the form,
After substituting equation 49 into equations 42 and 43, the stress and displacement derivative vectors can be written as 
After substituting the elements of matrices 
According to the complex integrals presented in appendix F, J 2 is derived as . Table 1 shows the engineering constants for several composite materials 43 . As shown, seven different bimaterial combinations are arranged.
Material-1 is designated as pitch graphite/epoxy (p-100/ERL-1962) and Material-2 varies from cases 1 to 7. The characteristic roots of each composite and the mismatch parameter  for each bimaterial are also given in Table 1 .
The exact analytical solution for SIFs of an infinite anisotropic bimaterial plate with a central interface crack is given by Qu and Bassani 10 as,
where   . . It can be observed that both J 1 and J 2 almost show the same trend of variation. Except for the bimaterial 3, the higher  is the higher J k is. Table 2 shows the SIF values of each bimaterial plate.
As discussed before, the J k -integrals can be interpreted as the SERRs associated with the crack shape variation in the a k directions. In a recent study by the author [24] [25] , the J k values for isotropic bimaterials were successfully computed using BECSS and with the available analytical expressions the corresponding SIFs were calculated. Due to its generic application, that algorithm can be expanded to compute the J k values of an interfacial crack in dissimilar orthotropic materials using BECSS. Using the analytical expression for the J 2 -integral presented in this paper and in conjunction with the values of J k , the corresponding SIFs for an in-plane traction free crack between two orthotropic elastic solids can be computed without the need for an auxiliary relation.
Although LEFM, based on the plane theory of elasticity, provides good approximate solutions for a wide range of engineering structures, in some cases 3D treatment of flaws can deliver more realistic and accurate results [44] . A comprehensive review of analytical, numerical and experimental research by
Pook [45] shows the three-dimensional (3D) effects at cracks and sharp notches.
This review [45] is mainly focused on linear elastic, homogeneous and isotropic materials. Therefore, further research is required to expand BECSS and its relevant analytical relations for the 3D analysis of LEIFM of anisotropic bimaterial structures.
The J 1 -integral can also be employed for the analysis of notches in plane linear and nonlinear elasticity problems. Rice [16] showed that the J 1 -integral at Unotches is also path-independent. The local strain energy density (SED) approach was originally proposed by Lazzarin and Zamabardi [46] for pointed and blunt V-notches subjected to uniaxial loading and subsequently was extended to muiltiaxial loadings [47] . They showed that the average value of SED in the small volume around a notch is a measure of the characterization of the initiation of fracture failure. Lazzarin et al [48] At present, the most commonly used method in industry for fracture analysis is the J 1 -integral which is only applicable to straight cracks. Although it is less sensitive than the displacement method to the mesh size of the crack tip, it would still require stress analysis at internal points and fine contours around the crack front. Additionally, for mixed mode problems, auxiliary equations are required to separate SIFs. For an interfacial crack in anisotropic bimaterials, the displacement and traction data near the crack tip are usually employed to decouple and compute SIFs. In a recent study by the author, it was shown that the J k -integrals can be interpreted as the SERRs associated with the crack shape variation in the a k directions and can be computed using the BECSS for straight Material-1
Material-2
